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We study transport through a triple quantum dot in a triangular geometry with applied bias suh
that both singly- and doubly- harged states partiipate. We desribe the formation of eletroni
dark states  oherent superpositions that blok urrent ow  in the system, and fous on the
formation of a two-eletron dark state. We disuss the onditions under whih suh a state forms
and desribe the signatures that it leaves in transport properties suh as the dierential ondutane
and shotnoise.
PACS numbers: 73.23.Hk, 73.63.Kv, 85.35.Ds
I. INTRODUCTION
Dark states (DSs) are a quantum-mehanial phe-
nomenon originally disovered as a dark line in the u-
oresene of sodium atoms
1
. For a partiular ongura-
tion of atomi transitions and driving elds
1,2,3
, relax-
ation an drive the atomi eletron into a superposition
state that is ompletely deoupled from the light eld 
this is the dark-state.
The onept of the DS has been generalized to meso-
sopi transport
4,5,6,7,8,9,10
. In ontrast to quantum
optis, suh systems are onneted to eletron reser-
voirs, and enable one to study the inuene of DSs
on non-equilibrium transport properties suh as urrent,
shotnoise
11
, and full ounting statistis
12
. The rst
transport DS was proposed in a system similar to those of
quantum optis, in whih mirowave elds were used to
reate a DS in a double quantum dot
4,5
. Subsequently, an
all-eletroni mehanism for the reation of DS has been
desribed
8,9,10
, in whih oherent tunneling of eletrons
plays the role of the (lassial) driving elds. The anal-
ysed system was a triple quantum dot (TQD) in a trian-
gular geometry in the strong Coulomb blokade regime.
In the afore-mentioned systems, the DS is a single-
eletron state formed by interation with the environ-
ment. In the urrent work, we investigate the eets of a
seond eletron on DS formation. This we do in a meso-
sopi transport ontext, where a hange of the hemial
potential of the reservoirs an simply lead to the inlusion
of two-eletron states in the transport window. In par-
tiular we study the inuene of two-eletron states on
the transport through a TQD. The inlusion of doubly-
harged states is partiularly important beause the for-
mation of the original single-eletron DS depends not
just on destrutive interferene, but also on the strong
Coulomb Blokade. The inlusion of two-eletron states
might therefore be expeted to inhibit the appearane of
DSs in suh systems. However, as we will show, dark-
state formation is in fat possible with two eletrons, but
only under ertain irumstanes. Even if the formation
of the two-eletron DS is inomplete, partial dark states
still leave obvious signatures in the transport properties
suh as negative dierential ondutane and superPois-
sonian shotnoise.
This work omes against a bakdrop of growing theo-
retial interest in the transport properties of triple quan-
tum dots
13,14,15,16
, and in the suppression of urrent
due to interferene phenomena
17,18,19
as distint from
other urrent blokade mehanisms in quantum dots suh
as Coulomb
20
, spin
21
, isospin
22
and Frank-Condon
23
blokades. This work also has experimental relevane as
a number of groups have published results of transport
measurements on TQDs
24,25,26,27,28
. The nite-bias al-
ulations that we present here should failitate the ex-
perimental investigation of dark-state eets suh as the
break up of Coulomb blokade diamonds in the stability
diagram of the TQD due to one- and two-eletron DSs.
II. MODEL
Our system onsists of three quantum dots (QDs) ar-
ranged in a triangular geometry with a single relevant
orbital level in eah dot (see Fig. 1). QD1 and QD2 are
onneted to eletron soure reservoirs and QD3 is on-
neted to a drain reservoir. In the innite bias limit, the
rate at whih eletrons enter and leave the TQD is Γ,
whih we assume the same for all three leads. The levels
in QD1 and QD2 are oupled oherently to QD3 with a
tunnel amplitude TC .
We assume that the system is in the Coulomb blok-
ade regime, and we adjust the lead hemial potentials
suh that the only relevant harge states have zero, single
and double exess eletrons. We inorporate the single-
eletron harging energies into the energies of single ele-
tron orbital levels. With the addition of a seond ele-
tron we assoiate an additional harging energy Uij , with
i ≤ j = 1, 2, 3, desribing the loations of the two ele-
trons.
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Figure 1: The triple quantum dot (TQD) in triangular ge-
ometry is onneted to two soures and one drain. In the
innite bias limit, the rate at whih eletrons enter and leave
the TQD is Γ, the same for all three leads. The QDs are
oupled to eah other by the oherent tunnel amplitudes TC
as shown. Zero, one or two eletrons are allowed to be in the
TQD at a time. The harging energy between two eletrons
in the same QD e.g. (a) U22 is, in general, larger than for two
eletrons in dierent QDs, e.g. (b) U13.
A. Hamiltonian
The system Hamiltonian HˆD of the losed TQD is a
Hubbard-type model with three sites
Hˆ
D
=
∑
iσ
Einˆiσ+TC
∑
σ
(d†1σd3σ+d
†
2σd3σ+H.c.)+
3∑
i
Uiinˆi↑nˆi↓ +
3∑
i,j,i<j
∑
σσ′
Uij nˆiσnˆjσ′ , (1)
where diσ is the annihilation operator, and nˆiσ is a or-
responding number operator of an eletron in dot i with
spin σ. We assume spin-independent energy levels and
denote the energy of the single-eletron level of the QD
i as Ei. Separating the Hamiltonian HˆD into one-and
two-eletron parts,
HˆD = H↑ +H↓ +H↑↑ +H↓↓ +H↑↓, (2)
we expliitly onstrut the orresponding matries in a
basis of relevant many-body states. With the single-
eletron basis {|1σ〉, |2σ〉, |3σ〉}, the Hamiltonians H↑ for
a single spin-up eletron in the TQD and H↓ for a spin-
down eletron in the TQD are
H↑ = H↓ =

E1 0 TC0 E2 TC
TC TC E3

 . (3)
The parallel-spin Hamiltonians H↑↑ and H↓↓ in the two-
eletron basis {|1σ2σ〉, |1σ3σ〉, |2σ3σ〉} read
H↑↑=H↓↓=

E1+E2+U12 TC −TCTC E1+E3+U13 0
−TC 0 E2+E3+U23

 .(4)
The opposite-spin two-eletron HamiltonianH↑↓ is a 9×9
matrix, whih is given in Appendix A. We denote the ba-
sis of the above matries the loalized basis. In subse-
quent alulations we set all Ei = E0 +EGate = −eVGate
(in the innite bias alulations we set E
Gate
= 0).
A key parameter in our disussion of the two-partile
dark state will be the dierene between the harging
energy U11 and the harging energy U12:
δU ≡ U11 − U12, (5)
whih we will all the harging-energy dierene. Sine
two eletrons in a single QD are loser than two eletrons
in dierent QDs, one expets that the harging energies
between eletrons in dierent QDs (Uij ; i 6= j) will be
smaller than those for eletrons in the same QD (Uii)
and thus we fous here on δU ≥ 0, (although note, for
example, Ref.
29
). We will disuss two sets of harging en-
ergies: Firstly a highly symmetri situation where all Uii
are equal and all Uij for i 6= j are also equal. Although
this is the simplest situation, its high symmetry leads to
non-generi features as we will see. We therefore onsider
a seond set of harging energies with U11 = U22 6= U33
and U12 6= U13 = U23, whih breaks the symmetry and
leads to more typial results.
The TQD is onneted to three eletron reservoirs that
are desribed with the Hamiltonian
Hˆ
res
=
∑
i=1,2,3
∑
k,σ
ǫikc
†
ikσcikσ , (6)
where i labels the reservoirs (1, 2 = soure, 3 =drain).
The TQD and the reservoirs are onneted by the tunnel
Hamiltonian
Hˆ
T
=
∑
i=1,2,3
∑
k,σ
Vikc
†
ikσdiσ +H.c.. (7)
We assume spin-independent reservoir energies ǫik and
tunneling amplitudes Vik.
B. Method
We use two dierent approahes to alulate the ur-
rent and the Fano fator of the TQD based on the
sequential-tunneling (i.e. seond order in tunneling
Hamiltonian, HT ) Master equation
30,31,32
. The two ap-
proahes are:
31. The generalized master equation
In the innite-bias limit, the seond-order Born-
Markov master equation is believed to be exat for at
bands provided that oherenes between system states
are expliitly inluded
33,34
. In the loalised basis, this ap-
proah leads to the generalized master equation (GME).
We assume that the hemial potentials are positioned
far from other relevant energies, |µi| > Uij , TC , Vik, Ei,
but suh as to exlude three-eletron states and states
in whih an eletron oupies an exited orbital state of
the QDs. We use the TQD HamiltonianHD and approxi-
mate the hemial potential of the soures to be µ1,2 =∞
and the hemial potential of the drain to µ3 = −∞. In
the GME approah, the density matrix ρ(t) ontains en-
tries for the populations of the empty state, and one- and
two-eletron states in the loalized basis. Furthermore,
ρ(t) also ontains all oherenes within eah harge se-
tor. Within the GME, the time-evolution of the density
matrix is then given by the Lindblad form
35
dρ
dt
=− i[Hˆ
D
, ρ]+
∑
σ;j=1,2
Γjσ
(
d†jσρdjσ−
1
2
djσd
†
jσρ−
1
2
ρdjσd
†
jσ
)
+
∑
σ
Γ3σ
(
d3σρd
†
3σ−
1
2
d†3σd3σρ−
1
2
ρd†3σd3σ
)
. (8)
The seond quantized operators appearing in this equa-
tion are given in the relevant many-body basis in Ap-
pendix B. We assume energy- and spin-independent tun-
nel rates
Γiσ = 2π
∑
k
|Vik|2δ(ǫ − ǫik), (9)
with i = 1, 2, 3. In the following we set all Γiσ = Γ. The
Lindblad master equation an then be written in super-
operator formalism where the density matrix ρ is written
as a vetor. The equation of motion is then
ρ˙(t) = Mρ(t), (10)
where M is the Lindblad super-operator.
The stationary density matrix of the system is ρ0 =
limt→∞ ρ(t) and in pratie this is determined as the
nullvetor of M , whih is unique here. For our TQD, the
steady-state urrent is then given by
〈I〉 =e
∑
σ
Γ3σ
(〈3σ|ρ0|3σ〉+ 2〈3↑3↓|ρ0|3↑3↓〉
+ 〈1σ3σ|ρ0|1σ3σ〉+ 〈2σ3σ|ρ0|2σ3σ〉
+ 〈1σ3σ¯|ρ0|1σ3σ¯〉+ 〈2σ3σ¯|ρ0|2σ3σ¯〉
)
. (11)
2. Rate equation in the diagonalised basis
An alternative approah is to rst diagonalise the sys-
tem Hamiltonian and then write down a rate equation
for the populations of the system eigenstates
36
. We de-
sribe this approah as the diagonalised master equation
(DME). Unlike the GME, this approah is not restrited
to the innite bias limit, but the disadvantage is that
some of the eets of oherene on the transport dynam-
is are lost. In the DME approah the TQD Hamiltonian
HD is rst written in diagonal form
HˆD =
N∑
k=0
ǫk|βk〉〈βk|, (12)
where ǫk is the energy of eigenstate |βk〉, and N = 21
is the dimension of HˆD without the empty state. The
density matrix ρD(t) in the DME approah ontains only
the populations of states |βk〉 and its time-evolution is
given by the rate equation
ρ˙D(t) = WρD(t), (13)
with elements of the rate matrix given by
Wk′k =
∑
σ,i
Γiσ
{
f(∆k′k + µi)|〈βk|d†iσ|βk′ 〉|2
+f(∆k′k − µi)|〈βk|diσ |βk′〉|2
−
N∑
l
(
f(∆lk − µi)|〈βl|d†iσ|βk〉|2
+f(∆lk + µi)|〈βl|diσ|βk〉|2
)
δβk,βk′
}
,
where diσ is the tunnel operator of the previous setion,
f(x) = (1 + ex/kBT )−1 is the Fermi funtion (with the
temperature T and the Boltzmann onstant kB), and
∆k′k = ǫk′ − ǫk is the Bohr frequeny of the transition
from |βk〉 to |β′k〉.
In this ase, the steady-state urrent is given by
〈I〉 =eΓ3σ
N∑
k′,k=0
[
f(∆k′k + µ3)|〈βk|d†3σ|βk′〉|2(ρD0)k
− f(∆k′k − µ3)|〈βk|d3σ |βk′〉|2(ρD0)k
]
, (14)
with (ρD0)k as the kth element of the diagonalized
steady-state density matrix.
In the innite bias limit, the Fermi funtions
of the soures leads are limµj→∞ f(∆k′k − µj)=1
and limµj→∞ f(∆k′k + µj)=0, j = 1, 2;
and limµ3→−∞ f(∆k′k + µ3)=1, and
limµ3→−∞ f(∆k′k − µ3)=0 for the drain. In this
limit, the urrent is then
〈I〉 = eΓ3σ
N∑
k,k′=0
|〈βk|d†3σ|βk′ 〉|2(ρD0)k. (15)
III. STATIONARY TRANSPORT IN THE
INFINITE BIAS LIMIT
We rst onsider the innite bias limit. It is in this
limit that previous alulations on the single-eletron
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Figure 2: Stationary urrent 〈I〉 through the TQD as a fun-
tion of the harging-energy dierene saled with the tun-
nel amplitude δU/TC for dierent ratios of TC/Γ and for two
hoies of harging energies. Results are shown for both GME
and DME alulations (the DME alulations are independent
of the ratio TC/Γ) and both alulations show that at δU = 0,
the urrent is zero. This is attributed to the formation of the
two-eletron dark state. In Fig. 2(a) (symmetri harging en-
ergies) the GME alulation shows an antiresonane of nite
width about the DS, whereas in the DME alulation the DS
appears as a point of disontinuity. For asymmetri harging
energies, Fig. 2(b), both alulations show an antiresonane
of nite width about the DS.
TQD have been performed
8,9,10
and where we expet the
GME to be exat. We therefore disuss the GME results
rst and then return to a omparison of GME and DME
alulations in this limit.
A. Stationary Current
Figure 2 shows the stationary urrent 〈I〉 as a fun-
tion of the harging-energy dierene δU , whih we sale
with the tunnel amplitude TC . At the point where the
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Figure 3: Gap width in δU/TC of the antiresonane at the DS
as a funtion of tunnel rate per tunnel amplitude Γ/TC for
the GME approah with the parameters of Fig. 2(a). The size
of the gap is given by the width of the antiresonane when
the urrent has half the size of the maximum
〈I
max
〉
2(eΓ)
.
harging-energy dierene vanishes (δU = 0) the urrent
is zero. At this point the system is trapped in the two-
eletron DS
ρ
dark
= |Ψ0〉〈Ψ0|, (16)
with
|Ψ0〉 = 1
2
(
d†1↑ − d†2↑
)(
d†1↓ − d†2↓
)
|0〉. (17)
For δU = 0, |Ψ0〉 is an exat eigenstate of the two-eletron
Hamiltonian. As sine this state has no oupation on
QD3 the eletrons in the TQD annot leave the TQD to
the drain and no further eletrons an enter the TQD
due to the Coulomb blokade, this state is ompletely
dark with zero urrent. This situation is analogous to
the single-eletron DS but here we have two eletrons
in forming a produt state of a spin-up and spin-down
single-partile DSs.
The urrent in the GME approah for δU 6= 0 has a
dark resonane prole with a lear antiresonane. The
width of this antiresonane as a funtion of the tunnel
rate is shown in Fig. 3. For small ratios of Γ/TC < 1 the
gap inreases linearly from Γ/TC = 0 (orresponding to
the limit of TC → ∞ where the DME urrent and the
GME urrent oinide). For higher ratios of Γ/TC the
size of the gap reahes a maximum at Γ/TC ≈ 3.7, and
then dereases.
B. Shotnoise
In the innite-bias limit, we an write down the n-
resolved master equation
ρ˙
(n) = MJρ
(n−1) +M0ρ
(n)
(18)
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Figure 4: The Fano fator F (0) as a funtion of the harging-
energy dierene with results for both GME and DME al-
ulations. From the GME alulation for both symmet-
ri (Fig. 4(a)) and asymmetri (Fig. 4(b)) harging ener-
gies, we observe that the shotnoise is highly super-Poissonian
(F (0) > 1) both near the dark state δU/TC ∼ 0 and in
the limit of δU/TC ≫ 1. In the DME approah, only the
asymmetri ase shows super-Poissonian behaviour near the
dark state. The Fano fator in Fig. 4(a) is Poissonian for
δU/TC < 1.
for ρ
(n)
, the partial density matrix of the system after n
eletrons have passed though the TQD
37
. Here the total
Liouvillian M has been deomposed into two parts: M0,
whih desribes the evolution of system without eletron
transfer to the drain, andMJ , the jump operator, whih
transfers an eletron to the drain. The matrix elements
of the jump operator are obtained from
MJρ =
∑
σ=↑,↓
Γ3σd3σρd
†
3σ (19)
in the GME approah, and as
(MJ)k′k =
∑
σ=↑,↓
Γ3σ|〈βk|d†3σ|βk′ 〉|2 (20)
in the innite-bias limit of the DME.
The advantage of the n-resolved master equation is
that it an be used alulate not only the stationary ur-
rent (given by 〈I〉 = e Tr (MJρ0) in this language), but
also the full ounting statistis of the urrent
30
. Here
we onentrate on the shotnoise
11
, and from the method
used in Ref.
12
, the zero-frequeny Fano fator F (0) an
be expressed as
F (0) = 1− 2〈I〉
NM∑
k=1
Ck
λk
, (21)
with Ck =
∑N
α=0
∑NM
β,γ,µ=0(MJ)αβvβk(vkγ)
−1(MJ )γµ(ρ0)µ
and λk the eigenenergies (λ0 = 0). Here, (MJ)αβ are the
omponents of the jump operator, vβk are omponents
of the matrix of eigenvetors of the Liouvillian M , and
(ρ0)µ is the µth omponent of the steady state density
matrix. N is the number of populations in the density
matrix and NM is the dimension of M . In our GME
alulation was NM = 117 and in the DME NM = 21
and in both ases N = 21.
Figure 4 shows the Fano fator F (0) as a funtion of the
harging-energy dierene δU/TC . Two zones of super-
Poissonian behaviour are observed: in the region near
the dark state δU = 0 and also for large harging-energy
dierene δU/TC ≫ 1. Enhanement of the Fano fator
near the dark state is expeted and an be understood
as a dynamial hannel blokade
38
with the dark state
playing the role of the weakly oupled hannel. The value
of the Fano fator near δU = 0 is ≈ 6, whih is roughly
twie that found for the single-eletron dark state
9
. The
preise mehanism behind the highly super-Poissonian
behaviour at large δU/TC is not yet lear. However, it
is a quantum oherent phenomenon, as the Fano fator
drops markedly when dephasing is inluded
40
.
C. Dierene between GME and DME approah
For asymmetri harging energies, the urrent,
(Fig. 2(b)) and the Fano fator (Fig. 4(b)) of the DME
alulation show the same general features as the GME
results, with qualitative dierenes beoming more evi-
dent for small values of TC/Γ. In the symmetri ase
(Fig. 2(a)), however, a qualitative dierene between the
GME and DME results is observed in the region of the
DS. Both alulations show a omplete urrent suppres-
sion at δU = 0 but, whereas the GME shows a broad
antiresonane about the point δU = 0, the DME shows a
disontinuity at this point. The disontinuous behaviour
of the symmetri DME urrent is a reetion of the in-
reased degeneray of the TQD eigenstates when all Uij
are equal. At this point, the dark state |Ψ0〉 resides in a
6degenerate subspae with two other orthogonal states:
|Ψ+〉 =1
2
(− |1↑3↓〉−|2↑3↓〉+|3↑1↓〉+|3↑2↓〉) (22)
|Ψ−〉 = 1
2
√
2
(− |1↑1↓〉−|1↑2↓〉−|2↑2↓〉− |2↑1↓〉)
+
1√
2
|3↑3↓〉. (23)
Due to this degeneray, one has, in priniple, a free-
dom of hoie as to whih ombination of these states
to treat as the eigenstates to be entered into the DME
mahinery. Dierent hoies result in dierent results.
In obtaining the plots of Figs. 2(a) and 4(a) we hose
the ombinations as above sine, from the GME analy-
sis, we expet a DS to form. However, without this a
priori knowledge, any linear ombination of the above
vetors appears as good as any other, and if any ombi-
nation other than that given expliitly above is hosen,
the dark state will not be observed sine all three eigen-
states will have a nite population on QD3. We believe
that this undesirable feature of the DME should be re-
moved by a more omplete seond-order master equation
treatment
41,42,43,44,45
, in whih the oherenes are han-
dled properly. For Uii 6= Uij , (i 6= j) or for asymmetri
harging energies as in Fig. 2(b), this degeneray is lifted,
the hoie of eigenstates is unique and the above prob-
lems do not our.
The Fano fator for symmetri harging energies al-
ulated with the DME in Fig. 4(a) is also interesting be-
ause, although it reprodues the high values at δU/TC ≫
1, its behaviour is Poissonian, F (0) = 1, at small values
of δU/TC where the GME shows super-Poissonian be-
haviour. It appears then that, for symmetri harging
energies the eets of the two-eletron dark state in the
in the DME approah are restrited solely to the singular
point δU/TC = 0.
IV. FINITE BIAS
As long as the temperature is low and all energy levels
of the TQD are well within the transport window, the re-
sults of the GME in the innite bias limit are reliable
33,34
.
However, the GME is not appliable away from this sit-
uation, and in this ase we employ solely the DME. Our
nite-bias alulations allow us to onstrut stability di-
agrams for the system and determine the impliations
of the one- and two-partile dark states for tunnel spe-
trosopy measurements
46
.
We rst onsider the situation with δU = 0 suh that
the dark state is an eigenstate of the TQD Hamilto-
nian. In aordane with the above disussion, we hoose
asymmetri harging energies suh that methodial prob-
lems are not an issue. The resulting urrent is shown in
Fig. 5 and the dierential ondutane in Fig. 6. The
bias voltage V
Bias
is hosen symmetri to V
Gate
(hene
µl = VBias/2 and µl = −VBias/2). For negative bias volt-
age, V
Bias
< 0, the eletrons enter the system through
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Figure 5: Stability diagram for the TQD with parameters
suh that both one- and two- eletron dark states an form;
in partiular, δU = 0. Here the urrent is plotted as a funtion
of the soure-drain bias voltage V
Bias
and gate voltage V
Gate
.
For positive bias, most eletrons enter the system on the left
side where two QDs ouple to the environment, and leave to
the right side where one QD is oupled to the environment.
Only for this bias diretion an the DSs ours. The DSs
are visible as breaks in the borders of the Coulomb diamonds
(marked as DS1 for the one eletron dark state and as DS2
for the two eletron dark state); the gap near the enter is
due to the single-partile dark-state, that to the right, the
two-partile dark state. The parameters used are: U11 =
U22 = U12 = 1meV, U33 = 1.2meV, U13 = U23 = 0.95meV,
tunnel amplitude TC = 0.1meV, tunnel rate Γ = 10µeV and
temperature T = 150mK.
QD3 and leave it through QD1 or QD2 and the lower
halves of Figs. 5 and 6 show the familiar diamonds of the
Coulomb blokade. The light-olored lines in the dier-
ential ondutane diagram that lie outside the diamonds
orrespond to exitation energies of the TQD.
For V
Bias
> 0, this piture hanges drastially and the
stability diagram is dominated by the eets of the DSs.
Both one- and two-eletron DSs are visible. In the ur-
rent diagram they show up as breaks in the Coulomb dia-
monds, and in the dierential ondutane they give rise
to lear lines of negative dierential ondutane (NDC).
Note that, even for large V
Bias
> 0, it is possible that no
urrent ows. This strong asymmetry between V
Bias
< 0
and V
Bias
> 0 demonstrates that the dark states an lead
to a strong retiation of the urrent. For small harg-
ing detuning δU 6= 0, the stability- and the ondutane-
diagrams look similar to Fig. 5 and Fig. 6 but with a
small urrent owing along the line DS2.
It is also of interest to onsider what happens in
this system far from the dark resonane. A dierential
ondutane diagram for this situation with symmetri
harging energies is shown in Fig. 7. Note that in this
gure, we are far from the DS suh that the DME al-
ulation should be reliable, even for symmetri harging
energies. With this set of parameters, the one-eletron
DS an still form and this is learly observed as a break
in the Coulomb diamond and a diagonal line of nega-
tive dierential ondutane. Moreover, traes of a two-
eletron dark states are still visible, manifest as lines of
negative dierential ondutane in the two-eletron se-
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Figure 6: Dierential ondutane as a funtion of bias volt-
age V
Bias
and gate voltage V
Gate
with the same parameters as
Fig. 5. For V
Bias
> 0, two lines of negative dierential ondu-
tane (NC) are visible, whih an be attributed to the one-
and two-eletron DS. When a DS is hit the urrent dereases
to zero and the dierential ondutane beomes negative. As
in the urrent, the diamond pattern is broken by the forma-
tion of DSs.
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Figure 7: As Fig. 6, but with nite harging-energy dierene
δU = 0.5meV and symmetri harging energies. Despite the
fat that the genuine two-eletron dark state (Eq. (17)) an
no longer form, lines of negative dierential ondutane are
seen in positions similar to that in Fig. 6. A strong new line
of NDC is also observed (marked NC2) whih is related to the
state of Eq. (24). More struture is visible here as ompared
with the δU = 0 plot sine degeneraies have been lifted. The
parameters used here were Uii = 1meV, Uij = 0.5meV for
j 6= i, TC = 100µeV, Γ = 10µeV and T = 100mK.
tor. These our beause, although the full dark-state is
no longer an eigenstate of the system Hamiltonian, there
still exists related states whih, although not ompletely
dark, an only support a omparatively small urrent.
In partiular, there is one NDC line (marked NC2) in
the two-eletron region of the stability diagram for whih
the suppression is partiularly strong. The orresponding
stationary density matrix has very low oupation on the
third QD and predominantly given by ρstat ≈ |ΨD2〉〈ΨD2|
with
|ΨD2〉 = 1√
2
(
d†1↑d
†
1↓ − d†2↑d†2↓
)
|0〉. (24)
This state is similar to the dark state of Eq. (17) but
with only ontributions with two eletrons in eah dot.
With an inreasing dierene between Uii and Uij for
j 6= i the line of negative dierential ondutane whih
orresponds to NC2 beomes stronger and also the weight
of the state Eq. (24) inreases.
V. CONCLUSIONS
We have shown in this artile that the TQD in trans-
port an exhibit urrent suppression due to a two-partile
DS. This represents an extension of the single-eletron
DS onept familiar from optis to the multiple-eletron
domain. In the TQD, the two-eletron DS an ex-
ist only under the ondition that the harging energies
U11 = U22 = U12 are equal. Importantly though, even if
these energies are not equal, traes of the DS still remain,
and should be observable in experiment.
Speially, these traes are a large Fano fator near
the DS and pronouned lines of negative dierential
ondutane in the stability diagrams. We note that an
optial two-eletron DS was presented in Ref.
47
. An anal-
ogous mesosopi transport onguration would not lead
to a DS formation and hene urrent blokade, sine the
dark-state has nite oupation of all states in the loal-
ized basis.
On a tehnial level, we have ompared the GME and
DME approah in the innite bias limit. We believe that
the gap between these two methods an be eetively
bridged with a more omplete seond-order master equa-
tion treatment, e.g.
41,42,43,44,45
. This should enable us to
alulate transport properties at nite bias without hav-
ing to onern ourselves with the disontinuity exhibited
by the DME.
Further work inludes investigation of dark states with
still higher eletron numbers and the inuene of mag-
neti eld.
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Appendix A: OPPOSITE-SPIN TWO-ELECTRON
BASIS
In the basis {|1↑1↓〉, |1↑2↓〉, |1↑3↓〉, |2↑2↓〉, |2↑1↓〉, |2↑3↓〉,
|3↑3↓〉, |3↑1↓〉, |3↑2↓〉}, the Hamiltonian for two eletrons
of opposite spins reads
8H↑↓ =


2E1+U11 0 TC 0 0 0 0 TC 0
0 E1+E2+U12 TC 0 0 0 0 0 TC
TC TC E1+E3+U13 0 0 0 TC 0 0
0 0 0 2E2+U22 0 TC 0 0 TC
0 0 0 0 E2+E1+U12 TC 0 TC 0
0 0 0 TC TC E2+E3+U23 TC 0 0
0 0 TC 0 0 TC 2E3+U33 TC TC
TC 0 0 0 TC 0 TC E3+E1+U13 0
0 TC 0 TC 0 0 TC 0 E3+E2+U23


.
(A1)
Appendix B: TUNNEL OPERATORS
The seond-quantized operators appearing in Eq.(8) an be written in the relevant many-body basis as:
d3↑ = |0〉〈3↑| − |1↑〉〈1↑3↑| − |2↑〉〈2↑3↑|+ |1↓〉〈3↑1↓|+ |2↓〉〈3↑2↓|+ |3↓〉〈3↑3↓|, (B1)
d3↓ = |0〉〈3↓| − |1↓〉〈1↑3↓| − |2↑〉〈2↑3↓| − |3↑〉〈3↑3↓| − |1↓〉〈1↓3↓| − |2↓〉〈2↓3↓|, (B2)
d†1↑ = |1↑〉〈0|+ |1↑2↑〉〈2↑|+ |1↑3↑〉〈3↑|+ |1↑1↓〉〈1↓|+ |1↑2↓〉〈2↓|+ |1↑3↓〉〈3↓| (B3)
d†2↑ = |2↑〉〈0| − |1↑2↑〉〈1↑|+ |2↑3↑〉〈3↑|+ |2↑1↓〉〈1↓|+ |2↑2↓〉〈2↓|+ |2↑3↓〉〈3↓|, (B4)
d†1↓ = |1↓〉〈0| − |1↑1↓〉〈1↑| − |2↑1↓〉〈2↑| − |3↑1↓〉〈3↑|+ |1↓2↓〉〈2↓|+ |1↓3↓〉〈3↓|, (B5)
d†2↓ = |2↓〉〈0| − |1↑2↓〉〈1↑| − |2↑2↓〉〈2↑| − |3↑2↓〉〈3↑| − |1↓2↓〉〈1↓|+ |2↓3↓〉〈3↓|. (B6)
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